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1. Introduction  

The subject of nonlinear integral equation considered as an important branch of mathematics because it 

is used for solving of many problems such as physics, engineering and  

economics [29,31].  

 In this paper, we will investigate the solvability of the functional Volterra integral equation  

+ ,                         (1.1)  

which is the general form of other functional integral equations (cf. [6,25]). In [24], this equation had 

been investigated befor where the existence of monotonic solutions were proved. 

2. Preliminaries 

Let  be the field of real number, be the interval . If  is a Lebesgue mea-surable subset of , 

then the symbol meas  stands for the Lebesgue measure of  

Further, denote by  the space of all real functions defined and Lebesgue mesurable on the set    

The norm of  a function is defined in the standard way by the formula,  

 =                                                    (2.1)   

Obviously  forms a Banach space under this norm. The space  will be called the lebesgue 

space. In the case when  we will write  instead of  . 

One of the most important operator studied in nonlinear functional analysis is the so called the 

superposition operator [1]. Now, let us assume that  is a given interval, bounded or not. 

Definition 2.1 [28]  Assume that a function  satisfiesthe caratheodory 

conditions, i.e. it is measurable in for any and continuous in for almost all . Then to every 

function  being  measurableon  we may assign                           

The operator defined in such a way is called the superposition (Nemytskii) operator generated by the 

function  

We have the following theorem. 
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Theorem 2.1 [1] Suppose that satisfiesthecaratheodory conditions. The superposition operator 

maps continuously the space   into if and only if   

                                                                        (2.2) for  and   , 

where   and  

This theorem was proved by Krasnoselskii [1] in the case when is bounded interval. The 

generalization to the case of an unbounded interval  was given by Appell  and Zabrejko [1]. 

Let  be an interval, in the following two theorems " Lusin and Dragoni "   [12,29], which explain the 

structure of measurable functions and functions satisfying caratheodory condition, where  denotes the 

complement of  

Theorem 2.2  Let  be a measurable function. For any there exist a closed subset of 

the interval  such that meas   and     is continuous Theorem 2.3   Let  

be a function satisfingthecaratheodory conditions.    Then for each   there exist a closed 

subset of the interval  such that meas   and    is continuous. 

  Now we present the concept of measure of weak noncompactness. Assume that     is an 

arbitrary Banach space with zero element  Denote by   the closed ball centered at   and with 

radius . The symbol stands  for the ball . 

Denote by  the family of all nonempty and bounded subsets of   and by  its subfamily 

consisting of all relatively weakly compact sets. The symbol  stands for the weak closure of a set   

and the symbol conv  will denote the convex closed hull of a set Now we present the following 

definition [28]. 

Definition 2.2 [28] A mapping  is said to be a measure of weak noncompactness in  

if it satisfies the following conditions : 

 i) The family ker  is nonempty and  .  

ii)  

iii)  

iv) for  

v)  If   and  ,  and  ,  for     and if        

Then the intersection  is nonempty.   

It is worthwhile mentioning that the first important example of measure of weak noncompactness has 

been defined by De-Blasi [10] in the following way : 

inf there exist a weakly compact subset  of  such that  

 

Also, we recall the following criterion for weak noncompactness due to Dieudonne [11], which is of 

fundamental importance in our subsequent analysis. 

Theorem 2.4  [7] Abounded set  is relatively weakly compact in  if and only if the following two 

conditions are satisfied  

a)  for any   there exist   such that if meas  then  

for all  .  

)  for any  there exist   such that   for all              Now, for 

nonempty and bounded subset  of the space  let us define : 

                                 (2.3) 

  And 

                                                               (2.4) 

put 

                                                                                          (2.5) 
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Where the function   is a measure of weak noncompactness in the space  For any nonempty and 

bounded subset of  and we have the following theorem. 

Theorem 2.5 [7] The function  is a regular measure of weak noncompactness in the space  

such that  

 

Also, we have the following theorem. 

Theorem 2.6 [26] (Schauder fixed point theorem). 

 Assume that  is a nonempty, convex, closed and bounded subset of a Banach space  and  

is completely continuous mapping (i.e.  is continuous and  is relatively compact for every 

bounded subset  of   ) such that   

 Then  has at least a fixed point in  

3. ExistenceTheorem  

Define the operator  associated with integral Equation (1.1) take the following form.  

                                                                                                (3.1) 

Where  

(t)  = ,   

(t) =  

(t), 

here  (t) =  

are linear operator at superposition respectively. 

We shall treat the equation (3.1) under the following assumptions listed below. 

i) Let g :  be bounded function such that   ,  

 :  ,       

ii)  :  satisfiesthe caratheodory conditions and there are positive function        and 

constant  such that :  

.  

iii) Assume   : satisfiescaratheodory conditions such that the linear  operator K defined 

as  

(t) = ,                                                 (3.2) 

maps the space  into itself ( note that due to this assumptions and [29] the linear operator K will be 

continuous whose norm ). 

iv) q = . 

Then we can prove the following theorem. 

Theorem 3.1  Assume that the assumptions(i)-(iv) are satisfied, then equation (3.1) has at leastone 

integrable solution on  .  

Proof : First, we will prove that the operator  maps continuously   into .  

=  

+  + 

 

                                    +  

 

 [ ]  +  + [ ]  

Then due to assumptions (i), (ii), (iii) and theorem (2.1), we see that 

 : continuously 

 Next, let  be an arbitrary function in the ball   In view of our assumptions we get  

 =  

          =  
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 +  +  

 +  +  

 +  +  

 + +   +  

 + +  

     Then       

 + +  

So,   transform into  , where   .  

Using assumption (iv), we see that  

Now , we will prove that   for all bounded subset  of  . 

   Take an arbitrary number  and a set  such that  meas( .  

For any  we get  

=  

 +  

 +  +  

 +  +  

 +  +  +  

                           + b  

 +  + [  ]  

Where  denotes the norm of the operator . 

Hence  

            =  [ ] = 0  

We get  

                                                          (3.3)  

From  , any  we have  

=  

 +  

 +  +  

+ +  

+  +  +  

 [ ]  

By equation (2.4) we get 

                                                       (3.4) 

By combining equations (3.3), (3.4) and equation (2.5), then using theorem (2.5), we deduce that 

 . 

   Now, we will construct a nonempty closedconvex weakly compact set  on which we will apply a 

fixed point theorem, to do this. Let  , where  denotes the closure of the 

convex hull of , since  , then  Similarly, let  , then  

also  and so on we get a decreasing sequence ( ) of bounded, convex, closed 

subsets of   such that  

,        . 

Using the properties of the De-Blasi measure  of weak noncompactness, we see that  

 

                           =   
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and so on, we have  

,   .  

Hence, as we get   = 0. 

      So,  is a nonempty, closed, bounded convex and relatively weakly compact subset of 

 and  

 In the sequel, we will prove that   is relatively compact in the space  to do this.  

 Let  be a sequence in and , then by using theorem (2.3) there exists a closed measurable 

subset  of  such that  and  and   are continuous. 

Let us take arbitrary and assume  . For an arbitrary fixed .   

Let   . 

Then, we have  

                                                                          

=  

                                         +  

+ 

                                       +  

 

                                       +  

 

                                      +   

We infer that the number    is small enough, then the right hand side of last equation tends to zero 

independently  as    

Since and  is bounded, then  is bounded. Hence ( ) is a sequence of equicontinuous 

and uniformly bounded function in  and so  is a sequence of equicontinuous and 

uniformly bounded function in  . Also hence  is a sequence of equicontinuous and 

uniformly bounded function in . Then  is a sequence of equicontinuous and uniformly 

bounded function in  . Now by using Ascoli-Arzela theorem, we deduce that  is relatively 

compact in , from which, we deduce that   is Cauchy sequence in  

Next , we will use the last  result to prove that   is Cauchy sequence in . Using theorem (2.4) 

and the fact  is relatively compact in  that proved before in our theorem, we deduce that for 

every  there is  such that 

formeas  

Choose for each  with   then for  we have 

=   

+  

 

 =    =  

for large value of   we deduce that  is Cauchy sequence in  since  is complete space, 

then   is relatively compact in  
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Finally, we can use Schauder fixed point theorem to get a fixed point for our operator , so the 

functional integral equation (1.1) is solvable in  

4. Example  

  Consider the integro-differential equation  

                                                 (4.1) 

We can transform this equation into another one, which is integral equation where, we  differentiate 

both sides of equation (4.1) with respect to t .  

Then, we have  

 +  +  

Put   ,    ,     ,  

Then we get  

 +                            (4.2) 

Using our existence theorem, we deduce that the equation (4.2) and so (4.1) will be solvable under the 

assumptions of theorem (3.1). 
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